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Abstract: A near perfect, storage time-extended photon echo-based quantum memory protocol  has been analyzed 
by solving the Maxwell–Bloch equations for a backward scheme in a three-level system. The backward photon echo 
scheme is combined with a controlled coherence conversion process via control Rabi flopping to a third state, where 
the control Rabi flopping collectively shifts the phase of the ensemble coherence. The propagation direction of 
photon echoes is coherently determined by the phase matching condition between the data (quantum) and the control 
(classical) pulses. Herein we discuss the classical controllability of a quantum state for both phase and propagation 
direction by manipulating the control pulses in both single and double rephasing photon echo schemes of a three-
level system. Compared with their well-understood use for two-level photon echoes, the Maxwell–Bloch equations 
to a three-level system have a critical limitation regarding the phase change when interacted with an arbitrary control 
pulse area. 
 
Introduction 
Over the last decade modified photon echo techniques have been intensively studied and applied to quantum 
memory applications to overcome the fundamental limitation of population inversion in conventional photon 
echoes, for which the population inversion excited by an optical π pulse results in quantum noises caused by 
spontaneous and/or stimulated emissions [1-17]. Although some of these techniques have been successful for 
quantum state storage and retrieval [8-13], the understanding of collective atom phase control has still been limited, 
where absorptive photon echoes have been involved in controlled atomic frequency comb (AFC) echoes [8,9] and 
doubly rephased (DR) photon echoes [10-13]. To coherently manipulate the absorptive photon echoes, a controlled 
coherence conversion (CCC) process has been proposed [18] and experimentally demonstrated [19]. Recent 
observations of photon echoes in single [8,9] and double [10-13] rephasing photon echo schemes, however, do not 
contradict the CCC theory, but reveal coherence leakage by Gaussian light pulses, resulting in echo generations all 
the time regardless of the pulse area whose maximum efficiency reaches as high as 26% [20]. In addition to our 
previous studies on numerical [14-16] and analytical [17] approaches, herein we discuss the CCC theory by using 
the commonly applied Maxwell–Bloch (MB) approach to correct the critical mistakes in previous works [8-13] and 
thus to contribute to the implementation of photon echo–based quantum memory. 
In the study of modified photon echo-based quantum memories, using MB equations has been a common 
theoretical tool. The MB equations have the advantage of using both space and time variables, and thus are 
practical for calculations of photon echo retrieval efficiency with respect to the optical depth (or physical length) of 
an ensemble medium [1-4]. However, the MB approach is completely unable to give exact solutions of individual 
atom phase evolutions, and thus continuous tracing of ensemble coherence change in the time domain is 
completely impossible. This limitation requires us to totally rely upon inevitable assumptions for the atom-field 
interactions such as rephasing and CCC. In other words the MB theory prevents us from obtaining exact answers to 
the phase change of the ensemble coherence with respect to the pulse area of an interacting optical field. 
To overcome this limitation of the MB approach, we have dealt with full numerical [14-16] and full 
analytical [17] solutions based on time-dependent density matrix equations to exactly trace the coherence 
evolutions of an ensemble. As a result, we have introduced the controlled double rephasing (CDR) echo protocol 
[14] based upon CCC [18]. Although CDR is perfect to investigate temporal coherence behaviors of coherent 
transient phenomena, such techniques of numerical and analytical calculations are limited in optical depth-
dependent photon echo efficiency. In the present Report, we comply with the MB equations, firstly to confirm the 
CDR echo protocol with previous results of CCC in Refs. 17 and 18, secondly to analyze the critical mistakes in 
Refs. 8-13 due to incorrect assumptions, and finally to discuss ensemble phase evolutions and their phase control in 
both single [8,9] and double rephasing schemes [10-14]. Near perfect retrieval efficiency in quantum memories is 
critical for both fault-tolerant quantum computing [21] and loophole-free quantum cryptography [22]. Thus the 
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present Report of the near perfect, storage-time extended quantum memory protocol should shed lights on the 
future quantum information area using quantum memories. 
 
Theory: Maxwell–Bloch equations 
A. Conventional two-pulse photon echo 
We consider a three-level optical ensemble medium composed of N indistinguishable atoms. The energy level 
diagram and the pulse sequence of the present CDR echo scheme are depicted in Fig. 1. The data (D), the first 
rephasing (R1) and the second rephasing (R2) pulses are resonant to the transition of |1⟩ − |2⟩  to satisfy the 
requirements of the DR photon echo scheme [10-17]. The control pulses C1 and C2 are resonant between states |2⟩ 
and |3⟩ to enable CCC [14-19]. Initially all atoms of the medium are in the ground state, |1⟩. For an ideal system, all 
decay rates are neglected, unless specified otherwise. All light pulses are collinear (or near collinear) in the z-axis. 
To make the first echo (E1) silent to avoid affecting the final echo (E2), both rephasing pulse propagation directions 
are set to be opposite (backward) to that of the D pulse [10]. To satisfy the backward photon echo condition, the 
control pulses are set to be counter-propagating each other [19]: 𝑘�⃗ E2 = 𝑘�⃗ C1 + 𝑘�⃗ C2−𝑘�⃗ D; each pulse j is characterized 
by a wave vector 𝑘�⃗ j.  Unlike phase mismatching in silent echo (E1) formation [10], which is determined by D and 
R1, the final echo (E2) propagation direction (𝑘�⃗ E2) is determined by the control pulses [14]. The MB equations for 
the atomic coherence and the D pulse are respectively denoted as follows: 
𝜕
𝜕𝜕
𝜎12(𝑧, 𝜕,𝛥) = iΔ𝜎12(𝑧, 𝜕,𝛥) + 𝑖εD(𝑧, 𝜕),        (1) 
𝜕
𝜕𝜕
εD(𝑧, 𝜕,𝛥) = 𝑖𝑖2𝜋 ∫ 𝜎12(𝑧, 𝜕,𝛥)𝑑𝛥∞−∞ ,        (2) 
where 𝛼 is the optical depth parameter, and 𝛥 is the detuning of the atom (see Supplementary Information). The 
ensemble is inhomogeneously broadened by Δ′ = ∑ Δ𝑗𝑗 . Here, we consider the case of a ∆−detuned atom for 
simplicity. Thus, the solution for atomic coherence is given by: 
𝜎12(𝑧, 𝜕,𝛥) = 𝑖 ∫ 𝜀𝐷(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡−∞ 𝑑?́?.        (3) 
The positive sign of this equation represents that the atomic coherence excited by the D pulse is absorptive. It should 
be noted that 𝜎12(𝑧, 𝜕,𝛥) = −𝜌12(𝑧, 𝜕,𝛥), where 𝜌12(𝑧, 𝜕,𝛥) is the density matrix element. The solution of equation 
(2) gives the well-known Beer’s law: εD(𝑧, 𝜕) = εD(0, 𝜕)𝑒−𝑖𝜕/2. The D pulse is assumed to be fully absorbed by the 
medium, thereby transferring its quantum information (phase, amplitude, polarization, etc.) into the collective 
atomic coherence. We assume that the D pulse is very weak to treat it as a quantum state. Thus, the ground state 
population change arising from the D pulse excitation is neglected: 𝜎11(𝑧, 𝜕,𝛥) = 1 and 𝜎22(𝑧, 𝜕,𝛥) = 0.  
 
 
 
Figure 1. Schematics of controlled double rephasing (CDR) echoes. (a) Energy level 
diagram for CDR echo. The short black arrows indicate the pulse propagation direction. 
(b) Pulse sequence for (a), where tj is the arrival time of pulse j. 
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With the time delay of T as shown in Fig. 1b, the rephasing pulse (R1) arrives at 𝜕 = 𝜕R1 . The R1 pulse has a 
π pulse area, and its propagation direction is opposite to that of the D pulse (𝑘�⃗ R1 = −𝑘�⃗ D). Here the function of the R1 
pulse is to swap the populations between states |1⟩ and |2⟩: 𝜎11(𝑧, 𝜕D,𝛥) R1↔ 𝜎22�𝑧, 𝜕R1 ,𝛥�. With the weak D pulse, 
the swapping result is 𝜎22(𝑧, 𝜕,𝛥) = 1 and 𝜎11(𝑧, 𝜕,𝛥) = 0. Thus, the atomic coherence arising from the application 
of the R1 pulse becomes: 
𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕,𝛥) = iΔ𝜎12(𝑧, 𝜕) − 𝑖𝜀R1(𝑧, 𝜕).        (4) 
The solution of equation (4) is 
𝜎12(𝑧, 𝜕,𝛥) = 𝑒𝑖∆�𝑡−𝑡R1� 𝜎12�𝑧, 𝜕𝑅1 ,𝛥� − 𝑖 ∫ 𝜀R1(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡𝑡R1 𝑑?́?.     (5) 
Because the π pulse reverts the coherence evolution direction, 𝜎12�𝑧, 𝜕R1 ,𝛥� is equal to the conjugate of equation (3) 
at 𝜕 = 𝜕R1 , namely 𝜎12�𝑧, 𝜕𝑅1 ,𝛥� = �𝜎12�𝑧, 𝜕 = 𝜕𝑅1 ,𝛥��†. Therefore, equation (5) can be rewritten as 
𝜎12(𝑧, 𝜕,𝛥) = − 𝑖 𝑒−𝑖∆�2𝑡R1−𝑡� ∫ 𝜀D†(𝑧, ?́?)𝑒𝑖∆?́?∞−∞ 𝑑?́? − 𝑖 ∫ 𝜀R1(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡𝑡R1 𝑑?́?,    (6) 
where the first term represents free evolution and the second term represents interaction with the rephasing pulse. 
The ensemble coherence generated by the D pulse becomes in phase and results in a photon echo E1 at 𝜕 = 𝜕E1 =2𝜕R1 − 𝜕D . The propagation direction of the first echo E1 determined by the first rephasing pulse R1 is 𝑘�⃗ E1 =2𝑘�⃗ R1 − 𝑘�⃗ D = −3𝑘�⃗ D. Due to the phase mismatch between D and E1, the echo signal (macroscopic coherence) cannot 
be generated due to complete out of phase [10]: Silent echo.  
 
B. DR echo 
To rephase the system one more time, the second rephasing (R2) π pulse is followed by E1 to satisfy the 
requirements of the DR photon echo scheme. In the DR scheme, the excited state population after the final echo E2 
is the same as that after the D pulse excitation. This means that all excited-state atoms in the DR scheme should 
contribute to the echo signal without contributing to quantum noises. The MB equation for DR is similar to that for 
D, and the optical coherence solution for the final echo E2 is 
𝜎12(𝑧, 𝜕,𝛥) = 𝑒𝑖∆�𝑡−𝑡R2� 𝜎12�𝑧, 𝜕𝑅2 ,𝛥� + 𝑖 ∫ 𝜀R2(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡𝑡R2 𝑑?́?,     (7) 
where 𝜎12�𝑧, 𝜕R2 ,𝛥� is equal to the conjugate of equation (6) at 𝜕 = 𝜕R2: 
𝜎12(𝑧, 𝜕,𝛥) =
𝑖 𝑒−𝑖∆�2𝑡R2−2𝑡R1−𝑡� ∫ 𝜀D(𝑧, ?́?)𝑒−𝑖∆?́?∞−∞ 𝑑?́? + 𝑖 𝑒−2𝑖∆𝑡R2  ∫ ℰ𝑡R1† (𝑧, ?́?)𝑒𝑖∆(𝑡+𝑡)́∞−∞ 𝑑?́? + 𝑖 ∫ 𝜀R2(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡𝑡R2 𝑑?́?. (8) 
The final echo E2 is formed at 𝜕 = 𝜕E2  as the rephasing result of E1 by R2, and its propagation direction is forward if 
𝑘�⃗ R2 = 𝑘�⃗ R1: 𝑘�⃗ E2 = 2𝑘�⃗ R2 − 𝑘�⃗ E1 = 2𝑘�⃗ R2 − �2𝑘�⃗ R1 − 𝑘�⃗ D� = 𝑘�⃗ D. However, the retrieved signal E2 is absorbed by the 
medium due to absorptive coherence as shown in equation (8). In other words, echo E2 cannot be radiated from the 
medium. This fact has already been explored numerically [14-16] and analytically [17]. From now on we discuss 
and correct critical mistakes in previous analyses [8-13]. By the way, the observation of DR echoes [10-13] has been 
understood as a coherence leakage due to an imperfect rephasing process by Gaussian-distributed light in a 
transverse mode, resulting in the leakage-caused maximum retrieval efficiency at 26% [20]. 
 
Discussion 
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A. CDR echo 
To fix the absorptive echo problem in DR, the CDR echo protocol has been proposed whereby the control pulse pair 
C1 and C2 are added as shown in Fig. 1b [14]. As discussed in Refs. [14-18], the function of the control pulses is not 
only to convert the coherence between optical and spin states via population transfer, but also to induce a collective 
phase shift. Unlike the DR scheme of equation (8), the propagation vector of E2 can be controlled to be backward if 
𝑘�⃗ C1 = −𝑘�⃗ C2: 𝑘�⃗ E2 = 𝑘�⃗ C1 + 𝑘�⃗ C2−𝑘�⃗ D = −𝑘�⃗ D [14,19]. Here, the rephasing pulses have nothing to do with the phase 
matching for 𝑘�⃗ E2 . Unlike the forward echo in the conventional two-pulse photon echo scheme, which suffers from 
reabsorption by noninteracting atoms according to Beer’s law, the backward echo E2 is free from reabsorption, 
resulting in near perfect echo efficiency [1,2,19]. To eliminate any potential two-photon coherence between states |1⟩ and |3⟩, the C1 pulse is delayed by 𝛿T from R1. Here, it should be noted that the macroscopic two-photon 
coherence is sustained only within the overall optical coherence time determined by the inverse of the atom 
broadening Δ′. However, individual atom coherence is sustained regardless of atom broadening for the optical phase 
decay time T2, where T2 ≫ ΔT [18]. Here the D pulse duration is practically comparable to (or a bit longer than) 1/Δ′. Thus, by simply neglecting 𝛿T, the atomic coherence at 𝜕C1 can be expressed as: 
𝜎12�𝑧, 𝜕C1 ,𝛥� = 𝑖 𝑒−𝑖∆�2𝑡R2−2𝑡R1−𝑡C1� ∫ 𝜀D(𝑧, ?́?)𝑒−𝑖∆?́?∞−∞ 𝑑?́?.      (9) 
In equation (9) we have only considered the first term of equation (8), which is related to the free evolution of the 
coherences generated by the D pulse; the second and third terms are associated with the rephasing fields. Because 
the first echo E1 is silent, and the second echo E2 is not emitted owing to its absorptive coherence, we can remove 
the last two terms of equation (8). With a π C1 pulse, optical and spin coherence respectively satisfy the following 
relations: 𝜎12(𝑧, 𝜕,𝛥) = cos �𝜋2� 𝜎12�𝑧, 𝜕C1 ,𝛥� = 0; 𝜎13(𝑧, 𝜕,𝛥) = 𝑒𝑖𝜋/2𝜎12�𝑧, 𝜕C1 ,𝛥� (see Refs. 14-18). The C1 pulse 
induces a π/2 phase shift and locks the optical coherence until C2 arrives. Here, the novel property of the π/2 phase 
shift by the π pulse area of C1 (or C2) originates in the Raman (two-photon) coherence, where a 2π Raman pulse in a 
three-level system actually plays as a π pulse does in a two-level system: see Figs. 3 and 4 of Ref. [23] and Fig. 4 of 
Ref. [24]. There is no way to expect this novel property from the MB approach. Without a priori understanding of 
the coherence behavior in a three-level system, the same mistake has been repeated in the controlled AFC echoes 
[8,9]; this will be discussed further in section B. 
The atomic coherence after the C2 pulse is 
𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕,𝛥) = 𝑖𝛥𝜎12(𝑧, 𝜕,𝛥).         (10) 
Equation (10) is obtained by substituting ε𝑙 = 0 and 𝜎13(𝑧, 𝜕,𝛥) = 0 (no spin coherence after C2) into equation (S4) 
of the Supplementary Information. The solution of equation (10) is 
𝜎12(𝑧, 𝜕,𝛥) = 𝜎12�𝑧, 𝜕C2 ,𝛥�𝑒𝑖∆�𝑡−𝑡C2� .        (11) 
The C2 pulse also brings a π/2 phase shift while swapping the spin and optical coherence:  
𝜎12�𝑧, 𝜕C2 ,𝛥� = 𝑒𝑖𝜋/2𝜎13(𝑧, 𝜕,𝛥) = 𝑒𝑖𝜋𝜎12�𝑧, 𝜕C1 ,𝛥� = −𝑖 𝑒−𝑖∆�2𝑡R2−2𝑡R1−𝑡C1� ∫ 𝜀D(𝑧, ?́?)𝑒−𝑖∆?́?∞−∞ 𝑑?́?.       (12) 
Substituting equation (12) into equation (11) gives 
𝜎12(𝑧, 𝜕,𝛥) =  −𝑖 𝑒−𝑖∆�𝑡C2−𝑡C1+2𝑡R2−2𝑡R1−𝑡� ∫ 𝜀D(𝑧, ?́?)𝑒−𝑖∆?́?∞−∞ 𝑑?́?,     (13) 
where the negative sign represents that the echo E2 is emissive due to the π phase shift induced by the control pulse 
pair, which has already been extensively explored numerically [14-16] and analytically [17]. Thus, the echo E2 
propagates backward without reabsorption and is radiated out of the medium with near perfect retrieval efficiency; 
this will be discussed further in Fig. 2. 
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B. Single rephased photon echo 
Now we consider the coherence evolution for a controlled single rephasing scheme with R2=0 in Fig. 1 [18,19]. This 
scheme itself cannot be used for quantum memory because the population inversion has not been solved yet. 
However, this scheme itself implies the AFC echo scheme, whereby all excited-state atoms freely decay into a dump 
state. The AFC scheme can be easily obtained by swapping the pulse sequence of D and R1, and substituting R1 with 
a repeated weak two-pulse train (see Supplementary Information). So, neglecting the population constraint issue 
without R2, the final optical coherence can be obtained by applying the control pulses to equation (6) as follows (see 
Section III of the Supplementary information): 
𝜎12(𝑧, 𝜕,𝛥) =  𝑖 𝑒−𝑖∆�𝑡C2−𝑡C1+2𝑡R1−𝑡� ∫ 𝜀D†(𝑧, ?́?)𝑒𝑖∆?́?∞−∞ 𝑑?́?.      (14) 
The positive sign of this equation represents the absorptive coherence, which is the same problem as in the DR 
scheme in equation (8). In other words, the π–π control pulse sequence added to the single rephasing scheme inverts 
the system coherence to be absorptive [18]. To convert the absorptive echo into an emissive one, simply one more 
control Rabi flopping is added, for which the C2 pulse area is increased to 3π, i.e., 
𝜎12(𝑧, 𝜕,𝛥) C1(𝜋)�⎯⎯�𝑒−�𝜋2�𝑖 𝜎13(𝑧, 𝜕,𝛥) C2(𝜋)�⎯⎯�𝑒𝜋𝑖𝜎12(𝑧, 𝜕,𝛥) C2(𝜋)�⎯⎯�𝑒−�3𝜋2 �𝑖 𝜎13(𝑧, 𝜕,𝛥) C2(𝜋)�⎯⎯�𝑒2𝜋𝑖 𝜎12(𝑧, 𝜕,𝛥) , and thus 
𝜎12(𝑧, 𝜕,𝛥) is negative. This means that the π–π control pulse sequence in Refs. [8] and [9] must be corrected to be a 
π–3π control pulse sequence. Here, the π–π control pulse sequence in Ref. [1] is using a Doppler effect–caused π-
phase shift, resulting in an emissive echo. This is not the case for a solid medium [2,14,18]. The observation of 
controlled AFC echoes with a π–π control pulse set [8,9], however, is due to the imperfect rephasing by commercial 
light sources with Gaussian spatial distributions [20]. The coherence leakage in a DR scheme induced by the 
Gaussian pulse limits the echo efficiency to ~10% on average regardless of the rephasing pulse area, whereas its 
maximum efficiency reaches 26% for a π/2 pulse area in a DR scheme [20]. 
 
C. Near perfect retrieval efficiency in CDR 
We now calculate the echo efficiency of the present CDR echo scheme shown in Fig. 1. Because the echo E2 is 
emitted in the backward direction, the atomic coherence and optical field in the backward direction can be 
respectively represented as follows [25]: 
𝜕
𝜕𝑡
[𝜎12(𝑧, 𝜕,Δ)]b = iΔ[𝜎12(𝑧, 𝜕,Δ)]𝑏 + 𝑖εb(𝑧, 𝜕),       (15) 
𝜕
𝜕𝜕
εb(𝑧, 𝜕) = − 𝑖𝑖2𝜋 ∫ [𝜎12(𝑧, 𝜕,Δ)]b𝑑𝛥∞−∞ .         (16) 
The solution of equation (15) is 
[𝜎12(𝑧, 𝜕,Δ)]b = [𝜎12(𝑧, 0,Δ)]b𝑒𝑖∆𝑡 + 𝑖 ∫ 𝜀b(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡0 𝑑?́?,      (17) 
where [𝜎12(𝑧, 0,Δ)]b is obtained by setting 𝜕 = 0 in equation (13). [𝜎12(𝑧, 0,Δ)]𝑏 = 𝜎12(𝑧, 𝜕 = 0,𝛥) =  −𝑖 𝑒−𝑖∆�𝑡C2−𝑡C1+2𝑡R2−2𝑡R1� ∫ 𝜀D(𝑧, ?́?)𝑒−𝑖∆?́?∞−∞ 𝑑?́?.   (18) 
Inserting equation (18) into equation (17) gives : 
[𝜎12(𝑧, 𝜕,Δ)]b = −𝑖 𝑒−𝑖∆�𝑡C2−𝑡C1+2𝑡R2−2𝑡R1−𝑡� ∫ 𝜀D(𝑧, ?́?)𝑒−𝑖∆?́?∞−∞ 𝑑?́? + 𝑖 ∫ 𝜀b(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡0 𝑑?́?.  (19) 
Equations (19) and (16) are solved by means of Laplace transformation. For the backward scheme, εb(𝐿,𝜔) = 0 
because there is no field at 𝑧 = 𝐿. Assuming an ideal case of complete absorption at 𝑧 = 𝐿, solving equations (19) 
and (16) yields: 
εb(0,𝜔) =  (1 − 𝑒−𝑖𝛼)𝑒−𝑖ω�𝑡C2−𝑡C1+2𝑡R2−2𝑡R1−𝑡� 𝜀D(0,𝜔).      (20) 
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The inverse Fourier transform gives: 
εb(0, 𝜕) = (1 − 𝑒−𝑖𝛼)𝜀D�0, 𝜕 − (𝜕C2 − 𝜕C1 + 2(𝜕R2 − 𝜕R1))�,      (21)  
where the echo is emitted at 𝜕 = 𝜕E2 = 𝜕C2 − 𝜕C1 + 2(𝜕R2 − 𝜕R1) + 𝜕D. Because 𝜕C2 − 𝜕C1 can be lengthened to be 
much longer than 𝜕R1 − 𝜕𝐷 in a Zeeman scheme [26], an additional but important function of the control pulse set is 
storage time extension [8,9,19]. The efficiency of the final backward echo E2 is given by: 
𝜂 = (1 − 𝑒−𝑖𝛼)2 ,          (22) 
where η can be near unity in an optically dense medium as shown in Fig. 2.  
 
 
Figure 2. Efficiency of CDR echoes versus optical depth αL. The 
solid curve is for the backward echo E2; see Eq. (22). The dotted curve 
is for the forward echo E2: (𝛼𝐿)2𝑒−𝑖𝛼. 
 
On the other hand, the forward echo E2 can be obtained by setting 𝑘�⃗ C1 = 𝑘�⃗ C2 , where 𝑘�⃗ C1 = 𝑘�⃗ D: 𝑘�⃗ E2 =
𝑘�⃗ C1 + 𝑘�⃗ C2−𝑘�⃗ D = 2𝑘�⃗ C1−𝑘�⃗ D = 𝑘�⃗ D. Here, the difference frequency between C1 and D is just ~10 MHz, which is about 
10−8 times the frequency of D in a rare-earth doped solid. The atomic coherence and the forward field satisfy the 
following relations:  
𝜕
𝜕𝑡
[𝜎12(𝑧, 𝜕,Δ)]f = iΔ[𝜎12(𝑧, 𝜕,Δ)]f + 𝑖εf(𝑧, 𝜕),       (23) 
𝜕
𝜕𝜕
εf(𝑧, 𝜕) = 𝑖𝑖2𝜋 ∫ [𝜎12(𝑧, 𝜕,Δ)]f𝑑𝛥∞−∞ .        (24) 
By following the same procedure as used for the backward echo above, the optical field propagating in the forward 
direction can be expressed as follows: 
εf(𝐿, 𝜕) = 𝛼𝐿𝑒−𝛼𝛼2 𝜀D�0, 𝜕 − (𝜕C2 − 𝜕C1 + 2(𝜕R2 − 𝜕R1))�.      (25) 
Thus, the retrieval efficiency of the forward echo E2 is (𝛼𝐿)2𝑒−𝑖𝛼 (see the dotted curve in Fig. 2).  Obviously the 
forward echo E2 suffers from reabsorption. 
In Fig. 2, we plot the echo efficiency of both the forward (dotted) and backward (solid) echo schemes for 
Fig. 1. For the forward echo, the retrieval efficiency reaches 54% at maximum, and then exponentially decreases due 
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to the reabsorption process. On the other hand, the echo efficiency for the backward scheme approaches unity for 
𝛼𝐿 ≫ 0 as expected according to Ref. 1 and as demonstrated in Ref. 19. 
 
Conclusions 
We analyzed and discussed the modified photon echo schemes of controlled double rephasing (CDR) for near 
perfect echo efficiency with no population inversion. We also pointed out the absorptive echo problems in 
previously demonstrated single (AFC) and double rephasing photon echo schemes, where the mistake in the 
controlled AFC echoes arises from a wrong assumption applied to the Maxwell–Bloch approach for a three-level 
system. Compared with a two-level system whose coherence harmonic is 2π-based, the three-level system shows 
4π-based coherence harmonics. The Maxwell–Bloch method never gives an exact solution to the phase change of 
the ensemble coherence in its interaction with an arbitrary optical pulse area, unless known a priori as in the two-
level system. With the help of full numerical [14-16] and analytic [17] calculations using time-dependent density 
matrix equations, our present Maxwell–Bloch calculation results confirmed the CDR echo theory. Thus, the present 
Report gives a clear understanding of collective atom phase control in modified photon echoes for quantum 
memory applications. The controlled coherence conversion process via control Rabi flopping to a third state was 
also investigated as a means of coherence inversion in a solid medium, whereby the absorptive coherence of the 
photon echo in the double rephasing scheme was converted into an emissive one. Finally, we discussed the near 
perfect CDR echo efficiency in a backward scheme using counter-propagating control Rabi pulses. 
 
  
____________________________________________________________________________________________ 
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Supplemental Material for “Understanding of collective atom phase control in 
modified photon echoes for a near perfect, storage time extended quantum 
memory,” by Rahmatullah and B.S. Ham 
 
We consider a Λ-type three-level optical medium whose upper-state is  |2⟩ and two lower states are |1⟩ and |3⟩ as 
shown in Fig. S1(a). The data pulse D and the rephasing pulse R1 are coupled to transition of |1⟩ − |2⟩, satisfying the 
two-pulse photon echo scheme. The two counter-propagating C1 and C2 control pulses are coupled to the transition 
of |2⟩ − |3⟩. The optical Bloch and the Maxwell-Schrödinger equations are:  
𝜕
𝜕𝑡
𝜎11(𝑧, 𝜕) = 𝑖ε𝑙(𝑧, 𝜕)�𝜎12(𝑧, 𝜕) − 𝜎21(𝑧, 𝜕)�,       (S1) 
𝜕
𝜕𝑡
𝜎22(𝑧, 𝜕) = 𝑖ε𝑙(𝑧, 𝜕)�𝜎21(𝑧, 𝜕) − 𝜎12(𝑧, 𝜕)� + 𝑖ε𝑗�𝜎23(𝑧, 𝜕) − 𝜎32(𝑧, 𝜕)�,    (S2) 
𝜕
𝜕𝑡
𝜎33(𝑧, 𝜕) = 𝑖ε𝑗�𝜎32(𝑧, 𝜕) − 𝜎23(𝑧, 𝜕)�,        (S3) 
𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕) = 𝑖Δ𝜎12(𝑧, 𝜕) + 𝑖ε𝑙(𝑧, 𝜕)�𝜎11(𝑧, 𝜕) − 𝜎22(𝑧, 𝜕)� + 𝑖ε𝑗(𝑧, 𝜕)𝜎13(𝑧, 𝜕),    (S4) 
𝜕
𝜕𝑡
𝜎32(𝑧, 𝜕) = 𝑖Δ𝜎32(𝑧, 𝜕) + 𝑖ε𝑗(𝑧, 𝜕)�𝜎33(𝑧, 𝜕) − 𝜎22(𝑧, 𝜕)� + 𝑖ε𝑙(𝑧, 𝜕)𝜎31(𝑧, 𝜕),    (S5) 
𝜕
𝜕𝑡
𝜎13(𝑧, 𝜕) = 𝑖ε𝑗(𝑧, 𝜕)𝜎12(𝑧, 𝜕) + 𝑖ε𝑙𝜎23(𝑧, 𝜕),       (S6) 
𝜕
𝜕𝜕
ε𝑙(𝑗)(𝑧, 𝜕) = 𝑖𝑖2𝜋 ∫ 𝜎12(𝑧, 𝜕)𝑑𝛥∞−∞ ,         (S7) 
where, l= D or R1 and j= C1 or C2. In the following, we consider the detailed calculations for a single rephasing 
scheme in a three-level atom. The corresponding pulse sequence is shown in Fig. S1(b).  
 
 
 
 
Figure S1. A schematic of single rephasing photon-echo based quantum memory 
protocol in a three-level system. (a) Energy level diagram and (b) Pulse sequence 
for (a). tj is the arrival time of pulse j. 
 
 
D-pulse 
A weak D-pulse propagates through the medium along z-direction. We assume that D-pulse is much smaller than 𝜋-
pulse, so that nearly all atoms remain in the ground state, i.e., 𝜎11(𝑧, 𝜕) = 1. The resultant Maxwell-Bloch equations 
are obtained by putting ε𝑙 = εD and ε𝑗 = 0 in equations (S4) and (S7)  
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𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕,𝛥) = 𝑖𝛥𝜎12(𝑧, 𝜕) + 𝑖𝜀D(𝑧, 𝜕) ,        (S8) 
𝜕
𝜕𝜕
εD(𝑧, 𝜕) = 𝑖𝑖2𝜋 ∫ 𝜎12(𝑧, 𝜕)𝑑𝛥∞−∞ .         (S9) 
The equation (S8) is first order linear differential equation with the following solution:  
𝜎12(𝑧, 𝜕,𝛥) = 𝑖 ∫ 𝜀𝐷(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡−∞ 𝑑?́?.        (S10) 
Initially the atomic coherence is zero, 𝜎12(𝑧,−∞) = 0. In equation (S10), the positive sign of coherence stands for 
absorption. Taking the Fourier transform of equation (S8) and substituting it into the Fourier version of (S9), we 
obtain: 
𝜕
𝜕𝜕
𝜀D(𝑧,𝜔) = − 𝑖2𝜋 ∫ 𝜀D(𝑧,𝜔) � 1𝑖(𝜔−∆) + 𝜋𝛿(𝜔 − ∆)�∞−∞ 𝑑∆= −𝑖2 𝜀D(𝑧,𝜔).    (S11) 
The solution of equation (S11) in time domain is 
𝜀D(𝑧, 𝜕) = 𝑒−𝛼𝛼2 𝜀D(0, 𝜕).          (S12) 
The D-pulse exponentially decays and absorbed by the medium.  
 
R1-pulse 
 
In time T after the D-pulse, we apply a 𝜋 R1-pulse propagating in z-direction to retrieve the absorbed D information 
via rephasing process. After R1-pulse the populations between states |1⟩ and |2⟩ are swapped to be 𝜎22(𝑧, 𝜕) = 1, 
and the corresponding equations of motion are:  
𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕,𝛥) = 𝑖𝛥𝜎12(𝑧, 𝜕) − 𝑖𝜀R1(𝑧, 𝜕),        (S13) 
𝜕
𝜕𝜕
𝜀R1(𝑧, 𝜕) = 𝑖𝑖2𝜋 ∫ 𝜎12(𝑧, 𝜕)𝑑𝛥∞−∞ .         (S14) 
The equations (S13) and (S14) are obtained by substituting ε𝑙 = 𝜀R1  and ε𝑗 = 0 in equations (S4) and (S7). The 
solution of equation (S13) yields: 
𝜎12(𝑧, 𝜕,𝛥) = 𝑒𝑖∆�𝑡−𝑡R1�𝜎12�𝑧, 𝜕R1� − 𝑖 ∫ 𝜀R1(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡𝑡R1 𝑑?́?.     (S15) 
Due to the R1 reaphsing the coherence σ12 at 𝜕 = 𝜕R1is equal to the Hermitian conjugate of equation (S10).  
𝜎12(𝑧, 𝜕,𝛥) = − 𝑖 𝑒−𝑖∆�2𝑡R1−𝑡� ∫ 𝜀D†(𝑧, ?́?)𝑒𝑖∆?́?∞−∞ 𝑑?́? − 𝑖 ∫ 𝜀R1(𝑧, ?́?)𝑒𝑖∆(𝑡−𝑡)́𝑡𝑡R1 𝑑?́?.    (S16) 
The negative sign shows the emissive coherence. After doing some mathematical treatments, the following equation 
is obtained in a frequency domain: 
𝜎12(𝑧,𝜔,𝛥) = − 𝑖 𝑒−2𝑖∆𝑡R12𝜋𝛿(𝜔 − ∆)∫ εD† (𝑧, ?́?)𝑒𝑖∆?́?𝑑?́?∞−∞ − 𝑖εR1(𝑧,𝜔) � 1𝑖(𝜔−∆) + 𝜋𝛿(𝜔 − ∆)�.  (S17) 
 Applying Fourier transform to equation (S14) and substituting equation (S17), we get: 
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εR1(𝑧, 𝜕) = εR1(0, 𝜕)𝑒𝛼𝛼2 +2 sinh �𝑖𝜕2 � εD† �0,2𝜕R1 − 𝜕�.       (S18) The echo is emitted at 𝜕 = 2𝜕R1 − 𝜕D. The efficiency of the echo is 4sinh2 �𝑖𝜕2 �, where the echo intensity is greater than unity for large optical depth. This echo amplification is simply due to the inverted medium.  
   
C1-pulse 
 
The function of C1–pulse is to transfer the optical coherence 𝜎12 into spin coherence 𝜎13 via complete population 
transfer from the optical state  |2⟩ to the spin state |3⟩. The pulse C1 is delayed by time ∆T from R1 and the 
coherence at 𝜕 = 𝜕C1 is given by: 
𝜎12(𝑧, 𝜕C1) = −𝑖 𝑒−𝑖∆�2𝑡R1−𝑡C1� ∫ 𝜀D†(𝑧, ?́?)𝑒𝑖∆?́?∞−∞ 𝑑?́?.       (S19) 
We only consider the first part of equation (S16) related to the D-pulse.  The optical Bloch equations after C1 by 
putting ε𝑙 = 0 and ε𝑗 = 𝜀C1 in equations (S4) and (S6) are as follow: 
𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕) = 𝑖𝛥𝜎12(𝑧, 𝜕) + 𝑖𝜀C1(𝑧, 𝜕)𝜎13(𝑧, 𝜕),       (S20) 
𝜕
𝜕𝑡
𝜎13(𝑧, 𝜕) = 𝑖𝜀C1(𝑧, 𝜕)𝜎12(𝑧, 𝜕).         (S21) 
After solving equations  (S20) and (S21), we get 𝜎12(𝑧, 𝜕) = 0 and 𝜎13(𝑧, 𝜕) ≠ 0. Thus, the initial optical coherence 
is locked unless there is spin dephasing for σ13. 
 
C2-pulse 
 
The pulse C2 transfers the spin coherence back to the optical coherence. By substituting ε𝑙 = 0 and ε𝑗 = 𝜀C2 and 
𝜎13(𝑧, 𝜕) = 0 in equation (S4), we obtain: 
𝜕
𝜕𝑡
𝜎12(𝑧, 𝜕) = 𝑖𝛥𝜎12(𝑧, 𝜕).          (S22) 
The solution of the above equation is 
𝜎12(𝑧, 𝜕,𝛥) = 𝜎12�𝑧, 𝜕C2�𝑒𝑖∆�𝑡−𝑡C2� .        (S23) 
The coherence at 𝜕C2 is 𝜎12�𝑧, 𝜕C2� = −𝜎12�𝑧, 𝜕C1�, where the negative sign is due to the phase shift induced by both 
C1 and C2. The equation (S23) can be written as:  
𝜎12(𝑧, 𝜕) = 𝑖 𝑒−𝑖∆�2𝑡R1−𝑡C1+𝑡C2−𝑡� ∫ 𝜀D†(𝑧, ?́?)𝑒𝑖∆?́?∞−∞ 𝑑?́?.      (S24) 
The final atomic coherence is positive, in which the echo is absorptive and cannot be radiated from the medium. If 
the area of the C2 is increased to 3𝜋, then 𝜎12(𝑧, 𝜕) = −𝜎12(𝑧, 𝜕), where the echo is emissive. Therefore, 𝜋 − 3𝜋 
pulse sequence of C1 and C2 is a valid condition. 
 
